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Abstract 

<N : 

Regularities and higher order regularities of ground states of quantum field 
i models are investigated through the fact that asymptotic annihilation operators 

lO ' vanish ground states. Moreover a sufficient condition for the absence of a ground 

^ ■ state is given. 

O , 

^ 1 Introduction 
o 

p ^1 A basic object in a quantum field model is a ground state of it which is defined to 
^ I be an eigenvector of the Hamiltonian H (a self-adjoint operator on a Hilbert space) of 
\ the model with eigenvalue equal to the infimum E{H) of the spectrum of H, provided 
that E{H) is an eigenvalue of H. In this paper we investigate regularities of ground 
states of quantum field models. Here we mean by regularities properties of what class 
of subspaces ground states belong to, including absence of ground states in certain 



- 

X 



H ' subspaces. 



As is well known, existence of a ground state of a quantum field model may depend 
on properties of objects contained in its Hamiltonian such as a one-particle energy 
function and cutoff functions. In particular, it is subtle in the case where the quantum 
field is massless ([5, 2, 9, 10, 11, 12, 18] and references therein), being related to 
the so-called infrared divergence [20]. From this point of view, it is important to 
characterize regularities of ground states, in particular, absence of them, in terms of 
objects contained in the Hamiltonian of the model under consideration, as generally 
as possible. This is the main motivation of this work. Preliminary work concerning 
this theme was done in a previous paper [5], where the absence of ground states of 
an abstract and general model, called the generalized spin boson (GSB) model, was 
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discussed. In the present work we extend results obtained in [5] to a more general class 
of quantum field models, establishing new criteria for regularities of ground states. 

This paper is organized as follows. In Section 2 we define the quantum field model 
to be considered. We prove general results on regularities of ground states of the 
model. Section 3 is concerned with absence of ground states of the model. In Section 4 
we consider higher order regularities of ground states, where higher order regularities 
means properties that ground states belong to smaller subspaces indexed by powers of a 
nonnegative self-adjoint operator. In Section 5 we apply the general results estabhshed 
in the previous sections to the GSB model and obtain results which extend those in 
[5] . In the last section we give some remarks on other quantum field models in view of 
the present work. 



2 Regularities of ground states: general aspects 
2.1 Fock spaces and second quantizations 

Let /C be a separable Hilbert space over complex field C, and (8)^/C denote the n-fold 
symmetric tensor product of /C with <S>'^JC :— C. The norm and the scalar product on 
Hilbert space X are denoted by \\f\\x and {f,g)x- /■^? G A", respectively, where {f,g)x 
is anti-linear in / and linear in g. The norm of bounded operator from X to a Hilbert 
space y is denoted by and the domain of unbounded operator Y is by D{Y). 

The Boson Fock space over /C is defined by 

oo oo 
n=0 n=0 

The Fock vacuum is defined by 

n:={l,0,0,...} e J^b(/C) 

and the finite particle subspace of J-'h{IC) by 

^b,o(/C) := {{*^''^}~=o e ^b(/C)|*(") = for all n > no with some no} . 

It is known that ^b,o(^) is dense in J^y^^lC). The annihilation operator a(/) with f E JC 
is defined to be a densely defined closed operator on JFb(/C) whose adjoint is given by 

(a(/)**)(") := V^Snif * e DiaifY), 

where Sn denotes the symmetrization operator on ^"'JC, i.e., 5'„(®"/C) = ®^/C. We 
note that a(/) is anti-linear in / and a*{g) hnear in g. The opertors a{f) and a*(/) 
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leave ^b,o(^) invariant and satisfy canonical commutation relations on Th,o{J^)' 

[a{f),a*{g)] = {f,g),c, (2.1) 
[a{f),a{g)] = 0, (2.2) 
[a*{f),a*{g)]^Q. (2.3) 

Since a(/) and a*(/) are closable operators, their closed extensions are denoted by the 
same symbols, respectively. Define J^b,o{^) with subspace X> C /C by the finite linear 
hull of 

K(/i) • • • a*{fn)n, n\fj eD,j^ 1, n,n>l}. 

It is known that J^^fii^) dense in ^b(^) if D is dense in /C. Let C be a closed 
operator on JC. Define dr„(C) : ^"/C — > (8)"/C by 

n 3 

dVnjC) 1 1 • • • 10 (7 01 • • • 1 1 , n>l, 

and dro(C) : C ^ C by 

dVo{C)z = 0, ^ e C. 
The second quantization of C is the operator defined by 

dV{C) :=0dr„(C) 

n=0 

with £>(dr(C)) := J^^f\}C). Note that 

cir(C)i] = 

n 

dr{c)a%h) ■ ■■a*{fn)n = E«*(/i) • • •«*(<^/i) • ■■a*{fnn 

f,eD{C), j = l,...,n. 

For a nonnegative self-adjoint operator A', dr{K) is a nonnegative essentially self- 
adjoint operator. We denote its self-adjoint extension by the same symbol, dr[K). 
dT{l) is refered to as the number operator, which is denoted by 

N :=dr(l). 

It is known that, for all * e D{dT{Kfl'^) and / e D{K-^/^), 

HmWkoc) < \\K-'/'f\\l\\dr{Kyf'nkiK), (2.4) 
hVmkoc) < l|i^-'/Vll^lMr(X)V2*||^^(^) + ||/||^||^||^^(^). (2.5) 
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Lemma 2.1 Let < e < 1 and n be a non-negative integer. Let f e D{K ^/^) fl 
Then a«(/) maps L)(c^r(K)"+^+V2) into D{dT{KY+'). In particular, it 
follows that for * e D{dT{KYl^) and fj e D{K-^I'^) n L>(is:["/2]), j = 1, 

^eD(a«(/i)---a«(/n)), 
where denotes a or a*, and [n/2] the integer part ofn/2. Moreove it follows that 

[dTiK), aif)]^ = -aiKf), ^ E D{dV{Kfl^), f G DiK), 
[dT{K),a*{f)]^ = a*{Kf), ^ e D{dT{Kf'), f e D{K). 

Proof: See [1, Lemmas 2.3 and 2.5]. □ 



2.2 Total Hamiltonians 

Let 7i be a Hilbert space over C. Then one can make the Hilbert space 

Let A be a self-adjoint operator bounded from below on H and 5" a nonnegative self- 
adjoint operator on Ti. The decoupled Hamiltonian 

Ho-.^ + dr{S) 

is self- adjoint on 

D{Ho) := D{A 1) n D{1 ® dT{S)) 

and bounded from below. Let Hi be a symmetric operator on !F such that D(Hq) C 
D[Hi). The total Hamiltonian under consideration is the symmetric operator 

H:^Ho + gHi 

on where e K is a couphng constant. Assumption (A.l) is as follows. 
(A.l) There exist constants a > and 6 > such that 

\\Hj^\\ < a\\Ho^\\ + b\\^\\, * e D{Ho). 

Proposition 2.2 Suppose (A.l). Then for g with \g\ < 1/a, H is self-adjoint on 
D{Hq) and bounded from below. Moreover it is essentially self-adjoint on any core of 
Ho. 
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Proof: It follows from the Kato-Rellich theorem [22] . □ 

It is known that there exist a finite measure space {M, /x) , a nonnegative measurable 
function S on (M, //) and a unitary operator U : K, ^ L'^{M) :— L'^{M, djj) such that 

(1) * e D{S) if and only if S{-){U^){-) e ^^(M), 

(2) (C/,SC/-i*)(A;) = S{k)-^{k) for * e UD{S) for almost every A; e M. 

Hence, without loss of generality, we can take /C to be an L^-space. Thus, in what 
follows, we set 

/c-l2(m, d^i), 

where we do not assume that is a finite measure, but cr-finite measure, and take S 
to be a multiplication operator on /C by a non-negative function S{k) such that 

< S{k) < oo, ^ — a.e.k. 

We set 

Mm:=D{S"'). 

2.3 Regularities of ground states 

Wc denote inf <7{K) by E{K) for a self-adjoint operator K. Let us assume that a 
ground state (pg of H exists. Then 

Wc fix a normalized ground state (/?g of H, i.e., Hv^gHjr = 1. Let B and C be operators 
on a Hilbert space W. We define a quadratic form [5, C]^ with form domain T> x V 
such that 

V c n n D{c*) n d(C), 

by 

[B, C]^(^, $) := (5*^, C<l>)w - (C*^, 5<l>)>v, $ e P. 
Assumption (A. 2) is as follows. 

(A. 2) There exists an operator 

T{k) -.T^T, a.e. k e M, 

such that 

(1) D{H) C D{T{k)) for almost every keM, 
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(2) T{k)^, $ e D{H), is weakly measurable in k, 

(3) [l®a(/),i/i]^(^\vl/,$)= / J{k){^,T{k)^)^d^i{k) ior e D{H). 

Jm 

Define 

We want to investigate at{f) as t — > oo strongly. Let (t{S), o-p{S) and (Jac('S') be the 
spectrum, the point spectrum, and the absolutely continuous spectrum of S, respec- 
tively. Assumptions (A.3)-(A.5) are as follows. 

(A. 3) The operator 5" is purely absolutely continuous. 

(A. 4) There exists a dense subspace Co C L'^{M) such that 

(1) Co C Al_i/2, and for any / e Al_i/2n Alo, there exists a sequence {fm}m C 
Co such that s-hm^_oo fm^f and s-hm^_oo fm/VS = f/VS, 

(2) for / e Co and * e D(H), 

JM 

(A.5) \\T{-)ip^\\reM-y2nMo. 

Lemma 2.3 Suppose (A. 3). Then for any a e M, 

li{{k e M\S{k) = a}) = 0. 

Proof: Let A/" := {A; G M|5'(/c) = a] and suppose that < n{M) < oo. Since is a 
(T-finite measure, M = U^iM„ with ^{Mn) < oo for all n. Then there exists m such 
that n{M^ (lAf) > 0. Let lM„irW be the characteristic function on HN". Then 
iMrnOA/" £ L'^{M) and 5'lAf,„nA/' = olM^nAA, which implies that a e crp{S). It contradicts 
with (A.3). Thus n{J\f) = 0. □ 

Lemma 2.4 Assume (A.1)-(A.5). Then for f e A1_i/2 n A4o, 

/ - ^(^) + S{k)y^T{k)ip^\\rdii{k) < oo 

and 

(1 ® a(/))(^g = / J{k){H - E{H) + 5(fc))-^r(fc)(^gd/.(fc), 
where the integral on the right-hand side above is in the strong sense. 
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Reiiicirk 2.5 (1) Lemma 2.4 is a generalization of [11, 12]. 

(2) By Lemma 2.3, S{k) ^ for almost every k e M. Thus {H - E{H) + S{k))-^ is 

a hounded operator for almost every k G M. 

(3) T{k)^, $ e D{H), is strongly measurable since T{k)^ is weakly measurable [21, 

Theorem IV. 22]. 

Proof: Note that 



and ipg G D{1 ® «(/)) follows from the fact that ip^ G D[l ® dT[S)) and Lemma 2.1. 
We see that for ^f, $ G D{H) and for / G Co, 



/ \\f{k){H - E{H) + S{k))-'T{k)^^\\rdii{k) 

< wf/^WL^iM) [jjT{k)^,\\%/s{k)dmy 



< oo, 



(2.6) 



di 



(*,ai(/)$)^ 



ig[l ® a(e^*^/), H,]^^"\e''"^, e^*^$) 



^5 / /(A;)e-'*^('=)(*,e-^*^T(A;)e^*^$)^d/x(A;). 



Then 



(*,a,(/)$)^ 




Since, by (A.2), 



s-limat{f)ip, = 0, feL'{M), 



it follows from (2.7) and (A.4) that 



(*, (1 a(/))(^J^ = -z^ 



rds([ /(^)(*,e 
>/o \Jm 



(H-EiH)+smT(k)ip^)^dl,{k)^ 



We have 



(*,(l®a(/))^g)^ 




= -g [ (*, /(^)(i^ - ^(i^) + S{k))-'T{k)cp,)^di^{k). 

J M 
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Here on the first equafity we used the Lebesgue dominated convergence theorem and 
(A.4)-(2), on the second equahty, Fubini's theorem and (A. 5). Hence by (2.6), for 

(VI/, (1 ® a(/))^g)^ = (VI/, -g f J{k){H - E{H) + S{k))-'T{k)ip,d^i{k))r 

Jm 

and then 

(1 ® a(/))(^g ^-g f m(H - E{H) + S{k))-'T{k)^^. (2.8) 

J M 

We can take a sequence {fm} C Cq such that s-hm^^oo fm = f and s-hm^^oo /^/ \/S — 
f/y/S for / e M-1/-2 n Mq. We see that 

s- jim^(l ® a{U))ip^ = (10 a(/))(^g (2.9) 

by 

||a(/)*IU < \\s-'/'f\\mM)\\dris)'/'n:F, * e L>(dr(5)V2). 

Moreover from 

II / {Uk)-7{k)){H-E{H) + S{k))-'T{k)ip,di,{k)\\ 

JM 

< WiUk) - 7{k))/^\\mM) ( I \\T{k)^^\\%/S{k)d^^{k)' 



M 



it follows that 



s-lim [ f^{k){H -E{H) + S{k))-^T{k)(pgdi^{k) 

= [ J{k){H-E{H) + S{k))-'T{k)ip,dpi{k). (2.10) 

By (2.9) and (2.10), (2.8) can be extended for / e M-1/2 r\ Mo- Thus the lemma is 
proven. □ 

We want to find a necessary and sufficient conditions for cpg E D{l0dT{GY^'^) with 
a nonnegative multiplication operator G on L'^{M). We define Ka{k) e ^ by 



Kaik) := \lG{k){H - E{H) + S{k))-^T{k)ipg, a.e. k e M, 
and Tg : L\M) ^ by 

Tcf ■= f f{k)KG{k)diJi{k), f e L\M). 

Jm 

Then by Lemma 2.4, for / e A4_i/2 fl A4o, 

(l®a(v^/))^g = -^TG/. 
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Lemma 2.6 (1) Tq is a Hilbert- Schmidt operator if and only if 

[ \\KG{k)f^dfjL{k) < oo. (2.11) 
Jm 

(2) Suppose that Tq is a Hilbert- Schmidt operator. Then 

TriT^To)^ [ \\KG(k)r^di,(k). 

JM 

Proof: It is enough to show (1) and (2) for adjoint operator Tq : T ^ LF'[M) instead 
of Tg- Tq is refered to as a Carleman operator with kernel kg, i.e., 

t*q^{-) = {kg{-),^)t, ^e^- 

Then it is estabhshed in e.g., [24, p. 141] that Tq is a Hilbert-Schmidt operator if and 
only if (2.11) holds, and 

Tt{TgT^)= [ \\KG{k)\\Um- 
Jm 

Hence the lemma is proven. □ 



Lemma 2.7 Let K be a bounded operator on K, and {em\m=i ^ complete orthonormal 
system in K, such that Cm & M.-1/2 H M.q. Then (1) and (2) are equivalent. 

(1) ^ G D{dT{K*Kfl'^). 

00 00 

(2) * e n DiaiK^em)) and J2 HK*ejnk{!C) < ^- 

m=l m=l 

Furthermore suppose that (1) or (2) is fulfilled. Then 

00 

\\dT{K*Kf''nk^^) - E HK*ejn%,iKy 

m=l 

Proof: See Appendix. □ 



Theorem 2.8 Assume (A.1)-(A.5). Let G be a nonnegative multiplication operator 
on L'^{M). Then (1) and (2) are equivalent. 

(1) (^g e L>(l«)dr(G')V2). 

(2) Gm{H - E{H) + S{k))-'T{k)^^\\ld^i{k) < 00. 
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Furthermore suppose that (1) or (2) holds. Then it follows that 

11(1 ® dT{Gf'^)^^\\l ^g' [ GimiH - E{H) + S{k))-'T{k)ip,\\'^di,{k). (2.12) 

Jm 

Proof: We divide a proof into two steps. 
(Step I) The case where G is bounded. 

Let {ern}m=i ^'c a orthonormal system of JC such that e A4_i/2 n A4o, m > 1. By 
Lemma 2.7, (p^ e D{1 (g) dr{Gy/'^) is equivalent to 

oo 

J2 ||(l®a(^eJ)(^g||^<oo, (2.13) 



m=l 



and, if (2.13) holds, the left-hand side of (2.13) is identical with ||(1 dr(G)V2)(^g||2^. 
By the definition of Tq, (2.13) can be rewritten as 

oo 

9^ Yl W^ae^^Wl- < oo. 

m=l 

Then Tq is a Hilbert-Schmidt operator. Hence by Lemma 2.6, (1) is equivalent to 

/ \\KG{k)\\j.dfjL{k) < oo. (2.14) 
Jm 

Namely (1) is equivalent to (2). 

(Step II) The case where G is unbounded. 

Let (^g = {<^i")}^=o and 



G'a(^) :-- 



G{k), G{k) < A, 
A, G{k) > A. 



Proof of (1) ^ (2). Note that 

||(i®dr„(GA)V2)<^W||^^ 



Hence we see that 

oo 

\\{i®dr{G^y/')^,\\% = E 11(1 ® ^r„(GA)^/^)(^(")||^„ 

n=0 

is monotonously increasing in A. Then the monotone convergence theorem yields that 

oo 

Im^ [|(1 ® dr{Gj,y/')^,r^ = \im Y: 11(1 rfr„(G'A)V2)(^(")||^„ 

?i=0 

oo 

= ^ hm 11(1 dr„(GA)^/^)^(")||^„ = 11(1 driGy/')<f,r^. 



„ A— »oo 
n=0 
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Since ipg e D{1 (g) dr(GA)V2)^ we have by (Step I), 

\\{l^dr{GAy/')ip,\\%^ j G^{kmH-E{H) + S{k))-'T{k)^,\\Ui,{k). 

JM 

Take A — > cxo on the both sides above. By the monotone convergence theorem again, 
we obtain that 



oo> 11(1 



dT{Gf'^)^^\\l^ f G{k)\\{H-E{H) + S{k))-'T{k)^,\\Um. 



Thus (2) follows. 

Proof of (1) ^ (2). From (2) it follows that 

. CXD 

oo> / GA{k)\\{H-E{H)+S{kj)-'T{k)^jUf^{k) = J2\\{l^drn{GA)' 



Then by the monotone convergence theorem, as A — > oo on the both sides above we 
obtain that 



oo > 



/ G{k)\\{H - E{H) + S{k))-'T{k)^^\\%dii{k) 

oo 

$:i|(l®c^r„(G)V>(«)||^„ = \\{l®dT{Gf/')^,\\l. 



n=0 



Thus (1) follows. 

Finally (2.12) follows from the fact that 

oo 

11(1 ® dV{Gfl')^,\\l ^g'Y: \\TGe;;^r^ = 9'Tr{T*TG) 

m=l 

= g' [ G{k)\\{H - E{H) + S{k))-'T{k)^,\\%d,x{k). 
Jm 

Thus the proof is complete. □ 

Corollciry 2.9 Let G he a nonnnegative multiplication operator on LP'{M). In addition 
to (A.1)-(A.5), suppose that 

^^G\\T{■)^^\\r/S e L\M). (2.15) 
Then cpg e D{1 dr{Gy^^). In particular suppose that 

\\T{.)^,\\:r/SeL\M). (2.16) 

Then (^g e D(l® ArV2). 
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Remcirk 2.10 Condition (2.15) is a generalization of an IR regularity condition in 

U]. 

Proof: Since 

J^GikMH - E{H) + S{k))-'nk)^,\\ldt,{k) < §^\\T{k)^,r^di,{k) < oo, 
Theorem 2.8 yields the corollary. □ 

3 Absence of ground states 

Let Pg be the projection onto the one-dimensional subspace {-zc/^gl^ e C} of J^. 

Theorem 3.1 Assume (A.1)-(A.5). Let G he a nonnegative multiplication operator 
on L'^{M). Then H has no ground state cpg in D{1 (8) dr{Gy^^) such that 

VGi^„Ti-)cp^)^/S^r\M). (3.1) 
Remark 3.2 Condition (3.1) is a generalization of an IR singularity condition in [4]. 
Proof: Suppose that there exists a ground state </?g such as in (3.1). We have 
/ GikMH - E{H) + S{k))-'T{k)^^\\ldii{k) 
> I GikMH -E{H) + S{k))-'P,T{k)^,\\ldi^{k). 

Since 

\\{H-E{H) + S{k))-'P,T{k)v,\\% 

^ ■■PgT(/c)^g||^= -^|(99g,T(/c)(^g)^|2, 



it follows that 



2 



I^G{kmH-E{H)+S{k))-'T{k)ip,r^di,{k) > |^^^|((^g,r(^)(^g)^|j dy^ik). 

Since the right-hand side above diverges by (3.1), Lemma 2.6 yields that 

^p^^D{l®dV{Gfl''). 
Thus the desired result is obtained. □ 

Setting G = 1 in Theorem 3.1, we have a corollary. 
CorollEiry 3.3 Assume (A.1)-(A.5). Then H has no ground state (pg in D{1 (g) N^^'^) 



such that 



i(9.g,T(>g)^^L2(M). (3.2) 
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4 Higher order regularities of ground states 

Through this section we fix a natural number n and assume (A.1)-(A.5). We shall 
consider an asymptotic field for 1 a(/i) • • • a(/n). Namely we investigate 

s-lim e-'*^(l a(e'*^/i) • • • a(e'*^/„))e'*^. 

t— >oo 

We introduce assumptions. 
(H.l) T{k) satisfies that 

D{H) C D{T{k){l ® a(/))) n D{{1 ® a{f))T{k)) a.e.k e M, 

and 

[r(A;),l(»a(/)]* = 0, ^eD{H), a.e. k e M. (4.1) 

(H.2) The operator 

(i®dr(>5)("+^)/')(// + z)-"^ 

is a bounded operator for some m and z e p{H) (1 M, where p(-ff) denotes the 
resolvent of H. 

Lemma 4.1 Suppose (H.2). Then for fj e M.-1/2 M.[n/2], j = 1, ■■■,ti, 

if^eD{l^aih)---aiU)) (4.2) 

and 

(1 ® a(/i) • • • a{U))ip^ e i^(i/), m = 1, n - 1. (4.3) 
Proof: Prom (H.2) it follows that 

11(1 ® rfr(5))("+i)/Vg||.F < 11(1 ® cir(5))("+i)/2(if + ^)-™||^^^ |i?(if) + zr 

Hence 

(/^g e L'(i0dr(5)("+^)/2) (4.4) 

follows, from which we can see (4.2) by Lemma 2.1. Prom Lemma 2.1 it follows that 

(1 ® a(/i) • • • a(/0)<^g e z^(i ® rfr(5)). 

Together with 

(l(8)a(/i)---a(/„))(^g ££>(>! (g)l), 

we obtain that 

(1 ® a(/i) • • • a{fn))(Pg e D{A ® 1) n D{1 ® dr{S)) = D{H). 
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Then (4.3) is proven. □ 
Vn denotes the set of all the permutations of degree n and we set for a e Vn, 

R1:= \ H-E{H) + Y.S{Ki,))' 

\ j=i 

Remcirk 4.2 Let 0"^// denote the product measure on M"^. Then 

k^) e M"'\S{k,) + ■■■ + S{k^) = 0}) = 
follows. This implies that i?f and Rf are bounded operators on T for almost every 

We set 

H -.^ H - E{H). 
Assumption (H.3) and (H.4) are as follows. 

(H.3) There exist dense subspaces C„ C L'^{M) and S <Z J- such that 

(1) C„cAl_i/2n A4[n/2]: ^ud ioic f E M.-1/2 •M.[n/2], there exists a sequence 
{fm}m C Cn such that s-hm^^oo fm/V^ ^ f / ^/S^ for < /c < n, 

(2) * C rC=i D{T{km)*e^*"'" ■ ■ ■ T{kiY^^^") for almost every (/ci, km) e M"* 
and for * e 

(3) for arbitrary fj e j — 1, n, and ^ & £, 

f dtJi{km)e-^^-'^^-^ fm{km) 
JM 

is in L^{[0, oo);dtjn) for m — 1,2, n — 1, where :— ti + ■ — h tm, 

(4) for arbitrary fj e Cn, j — 1, n, and ^ E £, 

/ dll{ka{m)) ■ ■ ■ dll{k^[n))W fa{k){k^{j)) 
JM Jm .^^ 

-Rm+l^(^(T(m+l)) • • •-Rn2"(^(T(n))</2g).F 

is in I/^([0, oo); dtm) for m = 1, 2, n — 1. 
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(H.4) The closure of {H - E{H) + S{k))-^T{k), [{H - E{H) + S{k))-^T{k)l is a 
bounded opeator and 

m - E{H) + S{-))-'T{.)]\\r^r ^ My,. 
Lemma 4.3 Assume (H.1)-(H.4)- Then for fi e Al_i/2 n A^[„/2], £ — l,...,n, 

J^^UMkj) lni/.(^.)lj \\R'[T{k^ii))---KT{k^in))v,\\^<<^ (4.5) 

and 

(l®a(/i)---a(/„))(^g 

= (-^rE ftciMM (n:M^|i?m/^a(i))---Kn/^.(n)Vg. (4.6) 

Proof: Note that 

\\R^\\r^:r<\\R'^\\T^T, J = l,...,n. 
From (H.4) it follows that 

/(^.0-))ll[^F(^.0-))III^-^^ e L\M) (4.7) 
for / e M-i/2 n A^o and a e Vn- We have, by (4.7), 

J^^UMkj) (^ni/.(%)lj ||^m^.(i))---Kr(fc.(n))^g||^ 

< \M:fE I IU)(fcaO))lll[^F(U))Ill^-^^/^(U)) < (4-8) 

Then (4.5) follows. Lemma 2.1 yields that the left-hand side of (4.6) is well defined. 
Let fj e Cn, j = 1, ...,n. Note that by (4.3), 

(1 ® a(/i) • • • a{fm))Vg e D{H), m = 1, n - 1. 

From this and (H.l) it follows that 

[T(k), 1 ® a(^)](l a(fi) ■ ■ ■ a{fm))v^ = 0. (4.9) 

By (4.9) we see that for ^' e £ and fj G C^, j = 1, n, 

|(^, e-*^(l ® a(e^*^/i) • • • a(e^*^/„))e^*^(^J^ 
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(e^*%,T(fc,)(l ® a(e^*^/0 ■ ■ -^(e^*^/,) ■ ■ ■ a(e^*^/„))^g)^. 
Then by (H.3)-(3) and the fact that 

s- hm e-^*^(l ® a(e^*^/i) • • • a(e^*^/„))e^*^(^Vg) = 0, 

t — ^■oo 

we have 

(*,(l®a(/i)---a(/0)(^gV 
Jo Jm 

(T(fc,)*e'*^*, (1 ® a{e^''h) ■ ■ -Me'^' fj) ■ ■ ■ a(e'*^^))^g)^. (4.10) 
Using (4.10) again, we have by (H.3)-(3), 

(r(%)*e'*^*, (1 ® a(e^*^/0 • • Aie''' fj) ■ ■ ■ a(e^*^/„))(^J^ 

^ POO c ^ ^ 

^-ig / dt' / d//(%0e~'^*+*'^^^'^^'^!M¥y(7^(%')*e'*'''T(A;,)*e^*^*, 

.,^^.,_,.Jo 

We can inductively obtain that 

(*,(l(8)a(/i)---a(/„))(^g)^ 

/•oo r poo r I 

= {-WT 12 dti d^x{k„ii)) ■ ■ ■ / dtn / d^x{k^in)) W f<j{j){ka{3)) 

(T(fc„) V*"^ ■ • • T(A;i) V*i%, <^g)^ 

roo r POO r I " 

^{-WT dti dii{ka(i)) ■ ■ ■ / dtn / dii{ka^n)) Y[ fa{j){ka{j)) 

ceVn-'^ iM Jo Jm y.^^ ^ 

(r(A;^(„))*e'*"^-^+^"="^(*^'^(^)^) • • •r(A;^(i))*e''^^-^+^^=i^(^''(^>^^*, (^g)^. 
Since by (H.3)-(4), 

„ n 
/ C?/^(^a(n)) n 

Jm .^^ 

(T(A;^(„))*e**"(^+^"-^('=<^«)) • • • T(A;^(i))*e'*^^-^+^^=i 99g)^ 
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is in L^{[0, oo), dtn), we have 

Here we used the Lebesgue dominated convergence theorem and Pubini's lemma. Sim- 
ilarly using (H.3)-(4) we can obtain that 



roo r roo p I 

/ dtn-l / dll{ka{n-l)) / dtn / dix{ka(n)) [ ]J fa{j){K(j)) 

PCX) r C ( J^. 

= {-i) I dtn-l / dfl{k^^n-l}) / dfl{ka(n)) Tl fa{j){K{j)) 
Jo JM JM \j=l 

JM JM \j=l I 

Thus inductively we can see that 
(*,(l®a(/i)---a(/„))</Pg)^ 

„ n n 
a&Vn i=l j=l 
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By (4.8) and the fact that £ is dense, we obtain that for fj e C„, j — 1, n, 
{1 ® a{fi) ■ ■ ■ a{fn))(Pg 

. n In \ 

aeVn -'^^ j=i \j=i J 

- i-9r E /, IlMkj) IfllKkM RmK(i)) ■ ■ ■ KTiKinM. (4.11) 

Let fj e M-i/2 (^M[n/2], j = 1, ■■■,n. Take sequences {fjmjm, j = 1, ■■■,n, in Cn such 
that s-hm^^oo fj^/ \fS^ = f)/ VS^, j = 1, n, for < A; < n. Then 



s-Jim^(l (g) a{fim) • ■ ■ a{fnm))^g = (1 a(/i) • • • a(/n))(/?g. (4.12) 
Moreover by (4.8) it follows that 



"^^"j=i \j=i J 

= / n^/^(^.) iflJJWl i?^r(/c.(i))---i?^T(/c.(„))(^g. (4.13) 

Hence (4.11) can be extended for fj e A1_i/2 H A4[„/2], J = l,...,n, by (4.12) and 
(4.13). Then the lemma follows. □ 

Lemma 4.4 Let {ej}°^^ be a complete orthonormal system in K,. Then (1) and (2) 
are equivalent. 

CO oo 

(1) *e n D{a{ei,) ■ ■ ■ aiaj) and Yl H^^h) ' ' ' <(^inMk{K) < ^- 

n 

(2) ^ GD(n(^-J + !)'/')• 
Suppose that (1) or (2) holds. Then 

oo n 

E ||a(e,) • • • a(e,Jv^||X(^) = II IK^ " + 1)'^'^II^.W 

ii,...,«„=l j=l 

Proof: See Appendix. □ 
Theorem 4.5 Assume (H.1)-(H.4). Then (1) and (2) are equivalent. 
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„ n 



(2) v,eD{l^l[{N-j + iy/'). 



Furthermore suppose that (1) or (2) holds. Then 

n 

3=1 

„ n 

= L n MkM E RiT{K(i)) ■ --KTiK^MT- (4.14) 



Proof: Let us define 



and T : (8)"L2(M) ^ by 

T(/i®---®/n) := / n^/^(^.)/(^i)---/(M'^(^i---U- 

Then 

(1 ® a(/i) • • • a(/„))(/Pg = {-gTT{h ®---®Tn) 

for G M-i/2 n A<[„/21, j = 1, n. Adjoint operator T* : T ^ ®"L2(M) ^ L2(M") 
is given by 

(r*$)(A;i,...,A;„) = («(A;i,...,A;„),$)^ 

for almost ever (/ci, ...,/;;„) G -/W""- Then T* is a Carleman operator [24] with kernel k. 
Thus T* is a Hilbert-Schmidt operator if and only if 



TT d\x{k^)\\K{kx ■ • • A;„)||^ < oo. 
Namely T is a Hilbert-Schmidt operator if and only if 

„ n 

/ n ^/^(^.oii E ^1^(^.(1)) • ■■KnK(n))^^fT < oo. (4.15) 



j=l aeVn 



Let {ej}°^j^ be a complete orthonormal system in LF'{M) such that tj G M.-i/2^M[n/2], 
j >1. If T is a Hilbert-Schmidt operator, then 



„ n 

OO > / n MkM E ^^^(^.(1)) • • • KTikain))^: 
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,. n oo 

= J{d^^{k,)\\n{h■■■K)\\l = g'-l:r{T*T)=g'- ^ ||T(e- 



= E ll(l®«(en)---«(e.JKII^=||(l®n(^-^' + l)'^'Vgll^- (4-16) 

i\,...,in j=l 

n 

Thus (4.15) is equivalent to (/7g e L>(1 ~ i + 1)^^^)- Moreover (4.14) follows 

from (4.16). The proof is complete. □ 
Assumption (H.5) is as follows. 

(H.5) The closure of {H - E{H) + S{k))-^T{k), [{H - E{H) + S{k))-^T{k)l is a 
bounded operator for almsot every k e M , and 

m-E{H) + S{-))-'T{.)]y^r^Mo. 
Theorem 4.6 In addition to (H.1)-(H.4), we assume (H.5). Then 

Proof: Note that 

n £ 

D{N''/^)= f]D{l[{N -j + iy/^). (4.17) 
e=i j=i 

See e.g., [15, Lemma 3.2]. We see that for all 1 < £ < n. 



e 



- L n MkM E RiTikaii)) ■ ■ ■ R^k^ieM^ 

< mfg^'lMl (/^ - E{H) + ^(^■))-'r(fc)ll^^^^/^(fc))' < oo. 

Then 

n £ 

i=\ j=i 

By (4.17) the theorem follows. □ 
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5 GSB models 

5.1 Regularities of ground states 

The Hilbert space for the GSB model is defined by 

Let a{f) and a*{f), f E L^(R'^), be the annihilation operator and the creation operator 
of ^b(-f'^(R'')), respectively. Set 

0(A):=i=(a*(A) + a(A)), XeL^R''). 

Hamiltonians of GSB models are defined by 

where a is a coupling constant, 

HsB,o := A (g) 1 + 1 dr{u;) 

and 

,/ 

j=i 

Here a; is a nonnegative multiplication operator on L'^^R"), Bj, j = 1,...,J, closed 
symmetric operators on H, and J2j=i Bj ® 0(Aj) denotes the closure of Z]/=i Bj®(j){\j). 
Using fundamental inequahties (2.4) and (2.5) we have 

||0(A)*||^,(L^(M^)) < -^(||A/V^|U2(«.) + 2||A|U.(«.))||(cir(a;) + 1)^^^ 

for e D((ir(c^)^/2). Assumptions follows. 
(B.l) A is self-adjoint and bounded from below. 
(B.2) A,-, A,/v^ e L\Ry), j = 1, J. 



(B.3) D{A^/'^) C n/=i D{Bj), where A:= A- E{A), and there exist constants % and 
\B^f\\n<a^\\A^/'f\\n-rhmn. j^h-.J, f e D{A'/'). 



bj such that 



Moreover 

\a\ < f^%||Aj/V^||i2(R.) 
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Proposition 5.1 Assume (B.1)-(B.3). Then Hsb is self-adjoint and bounded from 
below on D(ifsB,o) — D{A(^ 1) fl (1 dr{u!)). Moreover it is essentially self-adjoint on 
any core of Hsb,o- 

Proof: It is easily seen that for ^ e D{HsBfl): 

\\HsB,Mrsu < |^E«jl|Ai/v^||i2(R.)j ||ifsB,o$||.FsB +^II'^II.^SB (5-2) 

with some constant b > 0. Then by the Kato-ReUich theorem, the proposition follows. 
□ 

To formulate additional assumptions we define 

Y:^{J{k^ {h, K) e R^lkn = 0}. 

n=l 

We assume (B.4) and (B.5). 

(B.4) A, gC2(m-\F),j = 1,...,J. 

(B.5) (1) CO eC%R''\Y) andduj{k)/dknj^OonR''\Y,n=l,...,u, 
(2) a; is purely absolutely continuous. 

Remcirk 5.2 In [3] the existence of ground states of Hsb is proven under some condi- 
tions on uj for a with \a\ sufficiently small. Moreover for massive cases the multiplicity 
of ground states is studied in [3]. For massless cases, an upper bound of the multiplicity 
of ground states is shown in [16]. 

We see that, for $ e D{Hsb,o), 

[l®a(/),i/sB,i]S^^''^"'°^(*,$)= / m{'^,TsB{km:FsJk, (5.3) 

where 

TsB{k) := ||x:A,(/c)i?,j 1. 

Theorem 5.3 Assume that (B.1)-(B.5). Let G be a nonnegative multiplication oper- 
ator on L'^{Ry). Then 

e D{l®dV{Gf'^) 

if and only if 

[ Gik)\\{HsB - E{HsB)+u;{k))-'TsB{k)<f£^^Jk < oo. 
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Furthermore suppose </?g e D{1 (8) dr{Gy^^). Then 

^ dr{Gy/')^,\\%^ = / G(A;)||(i/sB-£;(i^SB)+a;(^))-^TsB(A;)<^g||^33d^. 

Proof: Under the identifications: 

H^HsB, Hj^HsB,!, S{k)^u;ik), T{k)^TsB{k), Co ^ C^{M.'' \Y), (5.4) 

it is enough to check (A.1)-(A.5) by Theorem 2.8. (A.l), (A. 2) and (A. 3) follow from 
(5.2), (5.3) and (B.5)-(2), respectively. Since 

J 

it is seen that 

||TsB(-)v^g||^sB, ||TsB(-)v^g||^,Jv^ e L\Rn 

by (B.2). Thus (A. 5) follows. We shall check (A.4). (A.4)-(l) is trivial. It is seen that 
for k ER^XY, 



-isuj{k) 



-isuj{k) 



\^ dkjj, J dkfj, \ \ dk^ J dkjj. 
Then by the integration by parts formula, 

7(^(*,e--(^--^(^-)+-(^))rsB(A;)<^g)^,3rfA; 



, n=l,...,u. (5.5) 



d (du{k)y' d (du^ik)]-'—- 



<4E/ dk 



d (dco{k)\-' d (dco{k)\-' 

ll*II^SBll(^.-<H)l)<^gll^SB- 



Since the integrand of the right-hand side above is integrable for / e Cq(R'' \ y), we 
obtain that 



/(^)(*,e-(^--^(^-)+-«)rsB(A:)¥^g)^3Brf^ e L\[0,oo),ds). 
Thus (A.4)- (2) follows and the proof is complete. 



□ 
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Corollciry 5.4 Let G be a nonnegative multiplication operator on L'^{R^). In addition 
to (B.1)-(B.5), suppose that 

\fG\j/uj e L'^iM."), J = 1, J. (5.6) 

Then ipg e D{1 (g) dr{Gy^^). In particular suppose that 

A,/a; e L2(r), j = l,...,J. 

Then ipg e D(l(g)ArV2) 

Proof: From (5.6) it follows that 

GimiHsB - E{Hsb) +u;{k)y'TsB{k)ipg\\%Jk 



< X: / G{k)\X,{k)/u;{k)\'dk\\{B, ® < oo. 

j=i •^R'' 

Thus the corollary follows from Theorem 5.3. □ 

Example 5.5 Typical examples of Xj, j = 1, J, and lu are 

uj{k) = Xj = pjlVuj, j = 1, J, 

with some nonnegative functions pj such that pj G C'^{M}'), pjj ^Juj G L^(R'') and Pj/uJ G 
L'^{sy), j = 1, J. Let 7 > 0. In addition to (B.l) and (B.3), suppose that 

PjU^J^L^my), j = l,...,J. 

Then G D{1(^ dT{u'y/^). 

5.2 Absence of ground states 

Theorem 5.6 Assume (B.1)-(B.5). Let G he a nonnegative multiplication operator 
on L'^i^y). Then Hsb has no ground state (pg in D{1 ® dT{Gy^'^) such that 

\fG 

^ 5:((^g, {B, ® \)^g)T,^X, L\r^). 

Proof: By Theorems 5.3 and 3.1 under identification (5.4), there exists no ground state 
ifg in D{1 (g) dT{Gy/^) such that 

^((^g,TsBOg)^3B^i^'m- 
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Since 

J 

the theorem follows. □ 
Corolleiry 5.7 Assume (B.1)-(B.5) and for some I, 

Then ifsB has no ground state (p^ in D{1 N^^'^) such that {(pg, {B^ (g) l)<^g) > and 
{(Pg, {Bj (8) l)ipg)Xj > for all j but j ^ i. 

Proof: Since T,j=i{fg, {Bj (g) l)<^g)j^sB'^i > {'Pg, Be(Pg)Xe, we have 

1 

- J2{^g, {Bj ® l)^g)T,^\ ^ L'iR''). 

^ j=l 

Thus by Theorem 5.6 with G — 1, the corollary follows. □ 

Example 5.8 Let uj{k) — \k\ and Xj — Pj/\/uJ with some nonnegative functions pj 
such that Pj e C'^{my), Pj|^Ju e L^{R'') and pj/u e L^(M''), j = 1, J. Suppose 
(B.l), (B.3) and 

for some 7 > 0. Then Hsb has no ground state cpg in D{1 dr{uj'^y^^) such that 
{(Pg, {Bj^ (8) l)(pg) > and {(pg, {Bj <S) l)(pg)Xj > for all j but j ^ i. 

5.3 Higher order regularities 

In this subsection, we fix a natural number n and consider cores of (i?sB + !)"■ 
5.3.1 Cores of (i/sB + 1)" 

We define ad^(5) by ad^(S) := B and ad^(5) := [A, ad^-^(5)] for A; > 1. If L> is an 
invariant subspace of A and we have for all e £), 

{A\ B\^ = Q adi(S)A*^-^*, ad^(SC)* = ^ Q ad^l^jad^ (^^)*- (5-7) 

(B.6) There exists a dense subspace V^o C H such that 

(1) Poo c D{A) n \n^=iD{B, 
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(2) APoo C Poo and BjV^ C V^, j = 1, J, 

(3) >l"[©oo is essentially self- adjoint, 

(4) there exist constants and bk such that for all ^ e Poo and j = 1, J, 

||ad^(Sj)*||L2(R.) < afe||i(^+^)/^*||L2(R.) + 6fe||*||L2(R.), < A; < n. 

(B.7) u'^Xj/y/u e L2(R'^) and w^A^ G L2(]R'') for < A; < n and j = 1, J. 
Example 5.9 Let A and Bj, j — 1, J , he hounded. Then (B.6) are satisfied with 

Example 5.10 Let S{m!^) he the Schwartz space of rapidly dicreasing C°° functions 
on M'' and V e S{R'') he real-valued. Let A = -A + and Bj = -iS/j, j = 1, u. 
Then (B.6) is satisfied with X>oo = S{R'') for (5 with sufficiently small. See Appendix 
for details. 

Let us define a Hamiltonian K by 

X := + a-f^SB,i, 

where 

Ko:= A®l + l(^ dT{u). 
The self-adjoint operator [K -\- 1)" is defined through the spectral theorem, i.e., 

{K + ir= [ (X-E{A) + irdE{\), 

J[E{Hsb),oo) 

where -E'(A) is the spectral projection associated with Hsb- Let 

X) ■— Poo '^alg -^bjO ^ ^' 

where C°°{u;) :— n^]^D(a;") and (8)aig denotes the algebraic tensor product. Since H^b 
leaves Too invariant, it follows that 

and canonical commutation relations for a{f) and a*{g) hold on ^oo- 

Theorem 5.11 Suppose (B.l), (B.6) and (B.7). Then there exists a* > such that 
for a with \a\ < a*, (K+l)"' is self-adjoint on D{{Kq-\-1)"') and essentially self-adjoint 
on any core of {Kq -\- 1)". In particular it is essentially self-adjoint on Too- 

To prove Theorem 5.11 we prepare some lemmas. 
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Lemma 5.12 Suppose (B.l), (B.6) and (B.7). Then there exist constants C(,, £ — 
1, m, such that, for ^ e ^oo; 



rn I \ 

'm] 



e=i 

Proof: We see that, for ^ e 



m I 

'm 



i=i 



Using formula (5.7) we have 



J 



= E E fll ad^o(^. ^ l)ad^o'(l ® '/'(^.))* 



j=l fc=0 

J t 



= E E \k) ^^^^^^-^ ® ('^('^.))* 
= E E ff) ^^%B,) ® v-^'A,)/-^'vi/. 



From (B.6)-(4), it foUows that 

||adl(S,)®0((-i)^-V-%)i^-^*||^33 

< a,||(i(^+^)/^ 0((-i)^-V-^A,))*||^3B + ® 0((-i)^-V-^A,))*||^3B 

< 6-.. ® m^) + i)'/')*ll^sB + fefclKi ® (rfr(u;) + 1)^/^)*||^3b} , 

where 

Cmj := (||'^'"Aj/Va;||i2(R,.) + 2||a;™Aj-||L2(R^))/\/2. 

Note that 

® (driu) + 1)^/^)*||^3B < 11(^0 + i)('+'^/'*ll^sB, k > 0, 

and 

11(1 ® (dTiuj) + ly/'m^s. < wiKo + i)'/'n^s.- 

Hence we have 

||ad^(S,) ® </.((-i)^-V-^A,))i'=-^*||^3B 

< e.-., {a4{K, + l)(^'+^)/^^||^3B + h\\{Ko + 1)^/^^||^3b) • 
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Prom this it follows that 

||ad^^„+i(ifsB,i)*|| 



j=l fc=0 



< (f) E^^-'^,.(«^ + bkyj UKo + l)(^+^)/^^||^3B- (5.9) 

Hence from (5.9) and (5.8) the lemma follows. □ 

Lemma 5.13 Suppose (B.l), (B.6) and (B.7). Then there exist constants Ck, k — 
1, ...,n, such that 

||(i^o + l)'i^SB,i*||^sB <Cik+i||(i^o + l)^+'*||^sB, *eJ^oo, 0<k<n-l. (5.10) 

Proof: We prove the lemma by induction with respect to k. For k = 0, (5.10) holds 
true. Assume that (5.10) is satisfied for = 0, 1, m — 1. We see that for ^ e J^^, 

{Ko + irHsB,!^ = HsB,i{Ko + + [{Ko + ir, HsB,i]^. 
By Lemma 5.12 we have 

||(X0+1)"*//SB,I*||^SB 

m / \ 

< iii^sB,i(i^o + i)"^^ii^sB + E (7) ^^11(^0 + ^r^'-^'^'^n^s. 



m / \ 



e=i 



I Tri\ 

with some constant cq. Thus the lemma follows with Cm+i — cq + I ^ 1 Ci, m> 1. 

□ 

Proof of Theorem 5.11 
We have on Too, 

{K+lY^{Ko + lY + aHi{n), 

where 
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and 

n j 

Hi'^ ^ (Xo + 1) . . . HsB,i ■■■{Ko + 1), 



i=l 

n 

n ,■ 

r(2) .. — - 



H^'> -.^ J2 i^o + l)--- HsB,i ■ ■ ■ HsB,i ■■■{Ko + 1), 



n 

ll 12 13 



W^:^ E (i^o + 1) • • • gsB,i • • • HsB,i ■ ■ ■ HsB,i ■■■{Ko + 1) , 



We see that 



and Efe=o Et=o (^^j ® cir(a;)*~^ is essentially self-adjoint on 

where C(^") and C((ir(a;)"^) are any cores of A" and dr{uj)'^, respectively. In particular 
J^oo is a core of (Kq + 1)". Prom Lemma 5.13 and the definition of Hj^^\ j — 1, ...,n, 
we can see that for ^ e ^oo, 

iii^f^'^^ii^sB < ^^.11(^0 + ir^ii^sB, J = 1,-,^, 

with some constant dj, which implies that 

\\Hi{n)nTs^ < (di + \a\d2 + ■■■ + \ar'dn)\\{Ko + 1)"^||^sb- 



Since J^oo is a core of (Kq + l)", we can see that D((Ko + 1)") C D(Hi{n)) and 



Ili^iW^ll^sB < (di + \a\d2 + ■■■ + lar'd^MKo + 1)"^||^sb, * e D{{Ko + 1)"), 



where -ffi(n) denotes the closure of Hi(n)\j^^. For a such that 

|q;|(o?i + \a\d2 H h |a|"""^(in) < 1, 

by the Kato-Rellich theorem 



Kn := (i^o + 1)" + aHi{n) 
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is self-adjoint on D{{Ko + l)"') and bounded from below. Moreover it is essentially self- 
adjoint on any core of D{{Ko + 1)"). In particular -f^nf^^ is essentially self-adjoint. 
Let 

a* := max ||a| |Q;|(cii -|- |Q;|ci2 -|- • — h \a\^~^dn) ^ 1 } ■ 

Since 

and Kn\ D{{Ko+i)^) is self-adjoint for a with \a\ < a*, we conclude that 

i.e., {K + !)"■ is self-adjoint on D{{Ko + 1)") and essentially self-adjoint on any core of 
{Kq + 1)" for a with |ci;| < a*. Thus we get the desired results. □ 

5.3.2 Higher order regularities of ground states 

Lemma 5.14 Suppose (B.l), (B.6) and (B.7). Then there exist constants a** > 
and ^k, k = 1, n, such that for a with \a\ < q;*^,, 

||(Xo + lf*||^sB<e.||(i^ + l)'*ll^sB, l<k<n, ^eD((K + m. 

In particular —1 G p{K) and {Kq + 1)^{K + k = 1, ...,n, is a bounded operator 
with 

Proof: We prove the lemma by induction with respect to k. For k — 1, we have 

||(X0+l)*|kB < ||(i^+l)^||^sB + l«III^SB,I^||^SB 

< + 1)^11^33 + |a|co||(i^o + l)^'IUB 

with some constant cq. Thus 

||(i^o + l)^lkB<ei||(i^ + i)^lkB, ^e-^oo, (5.11) 

with ^1 = 1/(1 — |q;|co) follows for a with \a\ < I/cq. Since Too is a core of X -|- 1, 
(5.11) can be extended for ^ e D{K + 1). Thus the lemma follows for k — 1. Suppose 
that the lemma holds ior k — m < n. Note that for ^ e J^^o, 

{Ko + 1)™+!^ = {Ko + l)iK + l)-\Ko + ir{K + 1)^ 

+ {Ko + 1){K + 1)-'[K + 1, {Ko + ir]^. 
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We have 

\\{Ko + 1){K+ l)-\Ko + ir{K + 1)^11^,3 < CiUm + 1)™+'*II^SB (5.12) 
and by Lemma 5.12, 

\\{Ko + 1){K + 1)-'[K + 1, (7^0 + irm:Fs. 

<6i«iii[^sB,i,(i^o+ir]*iUB 



< ( E (7) ^^11(^0 + l)-+^-(^/^)*||^3B + mCWiKo + l)-+^^/^)*||^sB 

Ki=2 



Thus we have 



ii(i^o + ir+^^ii^sB 

< T^^^ (e^iK^ + ^^ll-sB + i«i E (7) cmo + i)-*ii..b) 

< ^ _ J;^!^^^ + |c.| E (7) g^eJIKi^ + i)"+^^ll^sB, ^e-^oo, (5.13) 

for a with \a\ < 1/^imCi. Since is a core of + 1)"*+^, (5.13) can be extended 
for * e L>((is: + 1)"^+^). Thus the lemma follows with a** := l/(n^iCi). □ 

Let 

eo := E{A) - 1. 

Corolleiry 5.15 Suppose (B.l), (B.6) and (B.7). Then eo € p{Hsb) and for a with 
\a\ < min{Q;*, a**}; operator (l(g)dr(a;)"*)(i?sB— ^o)"" form <n is a hounded operator. 

Proof: We have 

11(1 ® dViu^rm^,, < \\{Ko + 1)-*||^SB < 11(^0 + 1)"*||^SB (5.14) 

for ^ G JFqq. Since J^^o is a core of {Kq + 1)", (5.14) can be extended for ^ e 
L'((i^o + 1)"). Thus (1 dr(tu)'")(/s:o + 1)"" is a bounded operator with 

||(l®dr(a;)-)(Ko + l)-1l^sB^^sB<l- 
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Hence Lemma 5.14 yields that 

\\{mdr{u;r){HsB-eor'n^,, 

< II (1 ® dViujDiKo + ly^'iKo + iriK + 1)-"*||^33 

Thus the corollary follows. □ 

Lemma 5.16 Suppose (B.l), (B.6) and (B.7). Then for a with \a\ < a^, 

TsB{k) : D{{HsB - eoD D{{Hsb - eo)"^"'), 1 < m < n. (5.15) 
In particular 

D((HsB - eoT) C D(TsB{kJ*e''-"^^ ■ ■ ■TsBihYe''^''^^), 1 < m < n, (5.16) 
where Hsb ■= Hsb - E{Hsb)- 
Proof: Let e ^oo- We have 

{Ko + ir-\Bj ^ 

= {Bj ® l){Ko + I)'"-'* + [(i^o + Bj 1]* 

= {Bj ® l){Ko + ir-'^ + E p ^ j ^KoiBj ® l){Ko + 1)-^-^*. 

By (B.6)-(4), we have 

||ad^^„(i?, ® = ||(adi(5,) ® 1)M/||^,3 

< a,|| l) *||^,3 + 6,11*11^33 < ce\\{Ko + 1)(^+^)/^*||^3b 

with some constant q. Hence it follows that 

11(^0+ l)'"-'(i^,^l)*IUB 

m— 1 / -|\ 

< Co\\{Ko + 1)"'(^/^)*||^3B +T.rJ ] ce\\{Ko + l)-(^+^)/^*||^3B 



<C||(i^o + l)'"*||^sB 



with come constant C. Thus for *, $ e J^^o: it follows that 

\{{Bj ® 1)*, {Ko + 1)'"-^$)^sbI < ^^11(^0 + 1)"^*||^sbII*II^sb- (5.17) 
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It is seen that 



\\{B,®m\^,,<C\\{Ko + iy/'^ 



Prom this it follows that 



11(5, ® 1)^11^,, < C||(i^o + Ij-^^ll^sB, * e ^((^0 + 1)"^)). (5.18) 

Since J^oo is a core of (^0 + 1)"* and Bj is a closed operator, using (5.18) we can extend 
(5.17) for * e D{{Ko + 1)"") and $ e D{{Ko + 1)"*-^). Set 

g(*, $) := ((5,- ® 1)*, (i^o + l)"~'$)^sB, * e D((i^o + I)'"), $ e i^((i^o + 1)™-'). 

Por each fixed * e D{{Ko + I)'"), Q(*, $) can be extended for all $ e J^gg by (5.17) 



as a linear bounded functional, which is denoted by Q(^',$). Thus, by the Riesz 
representation theorem, there exists a unique e Tsb such that 



((i?,®l)v^, {Ko + ir-'<^)rs^ = (F^,$)^sB, * e /^((i^o + i)"'),* e /^((iro + !)'"-')• 

This implies that {Bj 1)* e D{{Ko + 1)"^"^) for * e £>((is:o + 1)""), i-e., 

Bj^l: D{{Ko + I)'") ^ D{{Ko + l)™"^). 
Since rsB(A;) = (E/=i ^j{k)Bj) ® 1, we have 

TsB(fc) : D((ii'o + I)'") ^ I^((i^o + I)'"-'). 

(5.15) follows from the fact that D{{Ko + 1)"*) = D{{K + 1)"*) = D{{Hsb - eo)*"). 
Noting that 

we can conclude (5.16) and the proof is complete. □ 
Theorem 5.17 Suppose (B.l), (B4)-(B.7) and 



g(^,$) = (F*,$)^3^ 



^^e D((iro + l)'"),$e^sB. 



(5.19) 



In particular 



(5.20) 



Then for a with \ol\ < min{ci;*, a**}; 



9?g e D(l® AT"/^). 
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Proof: By Theorem 4.6 it is enough to check (H.1)-(H.5) under identifcation (5.4) and 

£ = D{{HsB-eor), Cn = C^{R''\Y). 

Since TsB{k) = (e/=i Aj(fc)5j) ® 1, (H.l) is satisfied. In Corollary 5.15 we checked 
that (1 (8) dr{u;)'^){HsB — ^o)~^: m < n, is a bounded operator. This implies (H.2). Let 

J 



Then 



and 



1 /I 



Hence we have 



I|Tsb(^)*ii^sb < E llA,(^)(^. ® 1)*II^SB 



< E \m\ {rr^ll^sB^ll^sB + (bj + % [I + \E(A)\y'^ 11*11^33 



J 

< ' 



E|A,(A;)|(d,||i/sB*|| + 411*11), 
where 

Thus we can obtain that 



||TsB(A;)(:^SB + a;(fc))-^vi>||^^^ < Y.J\^{k)\ (^d, + d'^^^] mrs., 
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from which it follows that 



\\[{HsB + u;{k))-'TsB{km^,, <EMk)\ [dj + d 



, 1 



Prom (B.2) and (5.20), it follows that 

V^||[(:^SB + a;(0)-%B(0l^ll^sBJI[(^SB+a;(0)-%B(-plkBeL2(M'^). 

Thus (H.4) and (H.5) follow. Finally we shall check from (H.3)-(l) to (H.3)-(4). (H.3)- 
(1) is trivial. In Lemma 5.16 we obtained that 

i^((i^SB - eo)") C Z^(TsB(A;„.)*e^*-^s« • • •TsB(A)i)*e**^^«°), 1 < m < n, 
which imphes (H.3)-(2). Note that 



Using (5.5) and the integration by parts formula, we obtain that for ^ e D((ifsB— ^o)"), 
fj e C^iR" \ y), J = 1, n, and = + • • • + tm, 

/ rik p-i'^m'^i'^rn) f (I. \ 

{TsBikmYe''-^^^ ■ • •rsB(fci)*e^*i^««*, (1 a(e*'^™-/„+i) ■ • • a(e'^'"'^/0)<^g)^sB 



< 



^ / dk^ F,(A;^)(TsB(A;^-i)*e^*-^^^« • • • TsB(^i)*e^*^^^''^', 

\lm\ j=l -^R" 



< 



dkjj^F ^{kjn) I 



rsB(A;,„-i)*e^*-i^«« • • •rsB(A;i)*e^*^^sB^ 



■^SB 



i?,®a(e^^--/^+i)---a(e»'^™-/, 



■^SB ' 



(5.21) 



where 



Since 



5 f duj{kjn)\ ^ d f duj{k„ 



fm{km)^j{km)- 



iTmU! . 



.^SB 



< c 



(5,-®(ir(6u)("-"^)/2)^^ 
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with some C independent of T^- Then the integrand of the right-hand side of (5.21) 
is independent of and integrable by (B.4) and (B.5). Thus the right-hand side of 
(5.21) is in L\[0, oo) idtm). Hence (H.3)-(3) follows. Let 

n 

Rl = {HsB + Y.^{K^i)))-\ a e Vn. 

l=k 

Using (5.5) and the integration by parts formula again, we see that 
for * e L>((i/sB - eo)"), G Cl{^^ \Y),j^\, n, 



(T{m) 



dKin) n f'r{3){K{j)) 



]=m 



(7sB(A;<.(^))*e'*'"(-^s«+^^=-^(^''(^))) • • •rsB(A;a(i))*e'*^^^^«+S"=i''^*^'^(^)»*, 



/ dk^im) ■■■ dk„(n) n fa{3){K{3)) 



gjtHj(feCT(l))gi(tl+t2)a'(A;^(2)) . . . g«(tl + ---+tm-l)w(feCT(m-l))g«(*l + ---+*m)(w(fe(,(^)+---+w(fe^(„)) 

(TsB(A)aM)*e^*'^^sB . . .TsB(fc:(i)e**i^^Bv]/, 

Rm+lTsB{ka{m+l)) ' ' ' Rn'^SB{ka{n))'Pg)j^sB 



J 

E 



dk, 



CT(m) 



dka{n) n f(^ij)i^(r{j))Fj{k„(rn)) 
j=m+l 



tl + ■ ■ ■ + tm 

gitHj(A;^(l))gi(tl+t2)a;(fc^(2)) . . . gi(tl+---+tm-lV(fea(m-l))g«(tl + ---+*m)('^(A;a(m+l)+-+'^(fca(n)) 

(rsB(A;.(^-i))*e^*'"-i-^s« • • •TsB(A;,(i))*e^*i-^^«*, 

e-itmHsB^Bj l)i^^+lTsB(A;.(„^+l)) ■ ■ ■ KTsB(A;.(n))¥^g)^sB 



< 



1 



ti + h t. 



E 



(T(m) 



dk, 



j=m+l 



\Fjikaim))\ 



||rsB(^.(m-i))*e^*'"-^s« • • •rsB(A:.(i))*e^*^^^B^||^33 

||(s,- ® i)i?^^,rsB(/^.(^+i)) • • •it::rsB(/^.(n))¥'g)^sBll^sB, (5-22) 



where 



d ( duj{ka{m)) 



dk. 



o-(m), 



dkcr(^m) , 



dka-{rn) 



d / du}{k^(^rn)) 



/cr(m) (^CT(m))'^j(^CT(m))- 



Then the right-hand side of (5.22) is in L^([0, oo); dtm). Hence (H.3)-(4) follows. Thus 
the proof is complete. □ 



Regularities of ground states 



37 



6 Concluding Remarks 

In this section we give some remarks on ground states of the Nelson model and the 
Pauli-Fierz model. Through this section we assume that uo is the multiplication oper- 
ator on L^(m'') by 

oj{k) := \k\. (6.1) 

6.1 The Nelson models 

The so-called Nelson model was introduced by Nelson [19], which describes an iteraction 
between nonrelativistic particles and a scalar quantum field. Here we consider only the 
case where one nonrelativistic particle interacts with a scalar quantum field in R". Then 
the Hilbert space for the Nelson model is defined by 

where /i^ ■ ■ ■ dx denotes a constant fiber direct integral [23] . The Nelson Hmailtonian, 
i^N, is defined by 

Hjsf := i^N.o + gHjsi^i, 
where e M is a coupling constant, 

Hn,o ■■= (-^A + ® 1 + 1 ® dr{u;) 

with y : R*^ — > R an external potential, and 

-f^N,i := / (l){x)dx 

with 

cl>{x) :=^{a(/:,) + a*(/:,)}. 
Here for each x EM." we define f^^ ^ L'^i'^") by 

Proposition 6.1 Assume that \/^/uj,\/uj G LF'iMy) and that V is relatively bounded 
with respect to ^^^^ ^ relative bound strictly less than one. Then for all g & R, 

i^N is self-adjoint on £)(ifN,o) o-nd bounded from below. Moreover it is essentially self- 
adjoint on any core of H^^. 
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Proof: See [19]. □ 
We see that 

where 

Under the following identifications 

H^H^, //i = //n,i, S{k)^u{k), T{k)^T^{k), Co^C^{M.''\Y), 
We can check that Hjsi satisfies assumptions (A.1)-(A.5). We introduce an assumption. 
(IR) On a neighboorhood of {0}, A is continuous and X{k) ~ where 2p < 3 — u. 
Suppose (IR). Then 

X/uj^/^ i L2(m'^), (6.2) 
and if a ground state of i^N exists, then 

\{}pM)^i)T^ = (9^g,e-^>g)^,^=^ ^L2(k3). (6.3) 

Thus it follows from Theorem 3.1 that, if (6.2) holds, then has no ground state </?g 
in D{1® N^/'^). Actually the absence of ground states of i?N under condition (6.2) has 
been estabhshed. See [10, 18]. 

6.2 Infrared regular representation of the Nelson models 

The Nelson model in a non-Fock representation is introduced and investigated in [2]. 
The Nelson Hamiltonian in a non-Fock representation is given as a self-adjoint operator 
on by 

where H^f := ^^,1 - 9^ 0l + gc, and 



Here _^ 



" uj{k) 



reg(^) := ^ {a*(/:A - ^AO) + a(/^;, - Uo)} . 
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It is known [2] that in the case of XjoJ^I'^ e there exists a unitary operator U 

on such that 

UE^U-^ = E'^^. (6.4) 

However, in the case of Xjof"!"^ ^ E.^ and iJ^^ are no^ unitarily equivalent. We 

see that 

where 

T-^{k) := r {e-^'^^ - l)dx. 

Suppose that a ground state </7g of E^^ exists and 

ll(kl®l)<^glk <oo. (6.5) 

Actually for some V, e.g., V{x) — —l/\x\, \x\^, (6.5) has been established. See, e.g., 
[7, 8, 16]. Then 



Hence 



IIV'gll^NlKkl ® l)¥'gll^N- 



CO 

Remark 6.2 We do not assume X/oo^/^ e L^(M'') in (6.6). 

In [2], the existence of a ground state Lpg of E^^ such that Lpg e D{1 ® N^^"^) is 
established without assuming Xjur'l'^ e L^(M'^). 

6.3 The Pauli-Fierz models 

The Pauli-Fierz model [20] describes an interaction between nonrelativistic particles 
and a quantum radiation field. The Hilbert space of the Pauli-Fierz model is given by 



PF 



L2(M'^) ® J^b(©""'i^'(K")) = r M®"''L\R''))dx. 



The creation operator and the annihilation operator are denoted by a*(/i ® • • • ® /i^-i) 
and a(/i ® • • • ® fw-i), respectively. The Pauli-Fierz Hamiltonian is defined by 

EpF '■= Eppfi + eEppj, 
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where 



2 



HpF,i :=-(p(8)l)-A+|^-A 

Here p = {—id/dxi,...,—id/dxn) denotes the set of generahzed partial differential 
operator, e G K a coupling constant, V an external potential and A = [Ai, A^) 
denotes a quantum radition field defined by 

Af,:= / Af_,{x)dx, n = l,...,p, 



where 



and e^{k) = {e{{k), el{k)) , j — 1, .., p — I, denote i/-dimensional polarization vectors 
such that 

e^{k) ■ e^'{k) = 5jfl, k ■ e^{k) = 0, jj' = 1, .., 

We can take e^, e^, e'^~^ such that {/i = 1, z/, j = 1, u — 1) is continuous on 
\ Z for some Z GM.'^ with Lebesgue measure \Z\ = 0. 

Proposition 6.3 Suppose that y/ujX,X,X/ y/uj,X/uj e L^(M'^) and that external poten- 
tial V is relatively hounded with respect to — -A with a relative hound strictly less than 
one. Then Hpp is self-adjoint on D{Hpp q) for all e e M. 

Proof: See [13, 14]. □ 
We see that 

[1 a(/i © • • • © Hpp,i]^^"''-^ = J2 I Mk){^, Tpp^{k)<^)r,,dk, 

where 

Tppjik) := -^i^UkC^ik) -{p^l-eA) 
yMk) 

and Uk : ^pf — ^ ^pf is the unitary operator defined by Uk = /j^ e~'^^^dx. Under the 
following identifications 

H = HpF, Hi = Hpp^i, S{k) = (B'-^uik), 
T{k) = (B-'jZlTppjik), Co = C^{R' \ {Z U Y)), 
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we can check that Hpp satisfies assumptions (A.1)-(A.5). Suppose that there exists a 
ground state (fg of Hpp such that \\{\x\ <S> l)(pg\\j^pp < oo. Then we obtain that 

TpFjik)ipg = {{Hpp - E{Hpp)) + {p<^l-eA) ■ k + l\kf]uke^{k)ixm)iPs. 

J2uj{k) ^ ^ ' 

Then 

J2{^g,Tppj{k)ipg):Fp^ 
i=i 

= E ^^==(^g> {{p^l-eA)-k + hkf] UkC^ik) ■ {x (8) l)(^g)^pp. (6.7) 
j=i sJ2uj{k) ^ ^ J 

By (6.7) we can obtain that 

I E(<^g'^PF.-(^)<^g)^PFl < {ci\k\ + C2\k\^)\M\T^Ai\A ® l)<^gll^PF (6-8) 
with some constants ci and C2. See [16] for details. Prom this we can coclude that 

E(<^g' Tpp^{k)Vg)r,, e L^R''). (6.9) 
^ j=i 

Remark 6.4 We do not assume Xjur'l'^ e L^(M'') in (6.9). 

In [6] the existence of a ground state of Hpp such that E -D(l ® N^^"^) is actually 
estabhshed without assuming X/uo^/"^ e L^(M'^). 

Remark 6.5 (6.9) holds for the dipole approximation of Hpp, too. We omit the de- 
tails. See [9]. 

7 Appendix 

7.1 Proof of Lemma 2.7 

Proof of (1)^ (2). 

Let ^ = {^(")}^=o e ^h,o{IC) be such that = a*{fP) ■ ■ ■a*(/^"))0. Then, using 
canonical commutation relations (2.1)-(2.3), we can show that 

M 

s- lim Yl a*{K*em)a{K*em)^^^^ 

M— >oo '-^^ 



Regularities of ground states 



42 



= s- 

M- 



n M 

M— >oo — ' 

j=l m=l 

Hence we have 

oo finite oo 

m=l n=0 m=l 

Since the finite hnear hull of such ^^'s, say V, is a core of dT[K*Kj^^'^, wc can 
choose e P for * e D(cir(/s:*/s:)i/2) such that ^ * and dr(ir*is:)i/2^, ^ 
(ir(ir*ii:)V2^ as e ^ strongly. Prom the facts that a{f) is a closed operator and 
that by (2.4), 

\\a{K*ejnT,iK) < |Mr(X*X)V2^||^^(^), 

it follows that 

lim||a(X*e^)^',||jrj^(/c) = ||a(X*e^)*||;rj^(jc). 

Then we obtain that 

M oo 
m=l m=l 

and as e ^ on the both sides above, 

M 
m=l 

Hence, taking M — > oo on the both sides above, we can conclude that 

oo 

Y HK*em)^\\%^^^ < oo. 

m=l 

Proof of (1)^ (2). 

Let * = {*^"^}~=o- We have 

oo oo oo 

m=l m=l n=l 

oo M oo M 

= ii^E E lla(X*eJ*W|||„-.^ = EiiL E ||a(i^*ej*(")|||„-.^. (7.1) 

n=l m=l n=l m=l 
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Here on the third equahty we used the monotone convergence theorem. The restriction 
■Am '■— Sm=i <^*{^*^m)0'{K*ejn) \^^K IS a bounded operator, and 

Then 

s- hm Am = drJK*K) 

M^oo 

on (g)"/C. Hence we have by (7.1), 

oo oo 

oo > ^ \\a{K*ejnki^) = E ^m*^"%?^ 

m=l n=l 
oo oo 

n=l n=0 

Thus the lemma is proven. □ 

7.2 Proof of Lemma 4.4 

It is seen that for ^ = • • • a*(/m)^^, 



n,...,in=l 

Hence by a hmiting argument we have for ^ e .7-b,o(Ar), 



mi ,...,m 

mi,...,m„— »oo 



n,...,in=l j=l 



Proo/o/(l)^(2) 



Let £ ^h,o{l^) be a truncated vector for ^ defined by ^ji^ 
Then 



(m) 



m<M, 
0, m> M. 



E l|a(eiJ---a(eiJ*M||^,(K) = II H - ^' + 1)^m|||-,(;c) 

ii,...,i„=l j=l 

M n 

= Eiin(^-j+i)*^'"^iiir^- 

m=0 j=l 
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Take M — > oo on the both sides above. Then we have by the monotone convergence 
theorem, 



oo> E \\a{e,,)---a{ejnk(>c) = E II IK^ - J + l)*^'"^!!! 

n,...,in=l m=0 j=l 



oo n 

(AT A \ 1^lT^Ml|2 

K 



Thus (2) follows. 
Proof of (2)^(1) 



mi,...,m„ n 

Y: ||a(e,J ■ ■ ■ aieM'TU'C) <\\EiN-j + m\ki>cy 
n,...,i„=i j=i 

Take mi, ...,nin — oo on the both sides above. Thus (1) follows. □ 



7.3 Example 5.10 

In this section we shall prove that A = —A + (3V, V e and Bj — Pj), 

j — 1, i/, satisfy (B.6) with — S{M.'^) for (3 with \P\ sufficiently small. 

Proposition 7.1 Suppose that \/3\ is sufficiently small. Then (1) is self-adjoint on 

and essentially self-adjoint on any core of (— A)"^. In particular A^ is essentially self- 
adjoint on SiM!"), (2) there exist constants and such that for all ^ e S{My) and 
3 = 

||ad^(pj)^'||i2(R.) < afc||i('=+^)/2^||L2(R.) + 6fe||^'||L2(R.), A; > 0. 

Before going to a proof of Proposition 7.1 we prepare some lemmas. In this section we 
write II • II for || • ||l2(m^) for simplicity. Note that 

\\Pn ■ ■ -Pj^n < ii(-A)'"/'$ii, $ e s{Rn, 1 < ji, < 

and for k < I, 

ii(_A)^/2$|| < CkAWi-^fn + ii^ii), $ e s{Rn, (7.2) 

with some constant Ck,e- The operators A and pj leave invariant and we see that 

A''\siu^)={{-Ar + (3Ki)\siu^), 
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K, := E (-A)---l/---(-A) +/3 E {-A)...V...V...{-A) 

(-A) ...y ...y ...y ... (-A) + ■ ■ ■ + V 

ii <i2 <i3 ' ' 

Lemma 7.2 There exists a constant Cm such that 
Proof: Since on 

m 

bilPi2 • • • Pin. , ^] = E E V''--'%, ■■■iHl---ht--- Pjm , 

e=l {il,-,ie}C{jl,.-,jm} 

where 

8^y 



we have 

m 

e=l {ii,-,ie}c{ji,...,jm} 

Here ||/||oo •= sss-sup^j^jji/ \f{k)\. From (7.2) it follows that 

||(_A)(-^)/^$|| < C(_,)/,,(_i)/,(||(-A)(-^)/^$|| + ||$||). 
Then the lemma follows from (7.3) and (7.4). 

Lemma 7.3 There exists a constant such that 

||(-A)V*|| < Q(||(-A)^*|| + 11*11), * e S{Rn. 
Proof: Note that for $ e 5(M''), 

||(-A)V*|| < ||n-A)^*ll + ll[(-A)M^]*||. 

Since on 5(lR''), 

[{-AY,v]= E 

by Lemma 7.2 

ll[(-A)^ < ciwi-Af^-^y^n + h^id < c'(||(-a)^$ii + ii$ii) 
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with some constants C and C. Moreover 

m-AYn < \\vu\i-AYn. (7.7) 

Prom (7.5), (7.6) and (7.7), it follows that 

||(-A)V$|| < (C' + ||l^||oo)(||(-A)^$|| + 11*11). 
Then the proof is complete. □ 

Lemma 7.4 There exists a constant Ci^^,„^i^ such that for 1 < ii < • • • < im n, 
II (^A) V---V ■ ■ ■ (-A) $11 < Q,_,J\\{-A)"^ + m), $ e 5(R^). 

n 

Proof: It inductively follows from Lemma 7.3. □ 

Proof of Proposition 7.1 (1) 
Prom the definition of Ki, (7.2) and Lemma 7.4, it follows that 

IliiTi^ll < E|/3|^-'Ci,,(||(-A)"-^$|| + ||$||) 

1=1 

< Ci(||(-A)"$|| + ||$||), $e5(R"), (7.8) 

with some constants Ci and Ci,^, = 1, Since S{My) is a core of (—A)", we can 
extend (7.8) for $ e D((-A)") with 

||:^$|| <Ci(||(-A)"$|| + ||$||), (7.9) 

where Ki denotes the closure of Ki\s{w)- Then for (3 with < 1/Ci, the Kato-Rellich 
theorem yields that (— A)"'+/3iri is self-adjoint on D((— A)") and bounded from below. 
Moreover it is essentially self-adjoint on any core of (—A)". In particular {—A)'^-\-(3Ki 
is essentially self-adjoint on »S(M'^). Since 

A^\s(j,^^)= ((-A)" + /3:^)[5(M^)C ((-A)- + /?:^)[^((_A)n), 

we obtain that 

Hence for /3 with < l/Cj, A" is self-adjoint on £)(— A)" and essentially self-adjoint 
on any core of (—A)". Thus Proposition 7.1 (1) follows. □ 
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Lemma 7.5 Let g E 5(M^) and m > 1. Then there exist g^^\ g^'^-^\ gf^...^^ e 
S{R^), ji, ...-ijt — 1, V, I — 1, m, such that 

m—l m V 

ad:?(5)=Ea4(/^) + E E fS^-j^n---Pjr (7-10) 
Proof: We prove the lemma by induction with respect to m. Let m — l. Then 

adA(^) = -/ + 2 ^ = ad^(-/) + 2 ^ g'^p^, (7.11) 

i=i i=i 

where g" = Ag and = —idg/dxj. Thus (7.10) follows for m — l. Suppose (7.10) 
holds for m = 0, 1, k. Then we have 

^d\^\g) = ad^adl(^) = E adi+i(yW) + j:^U9fUPn ' ' 'Pu)- (7-12) 

i=Q e=i 

Directly we can see by (7.11) that 

adAig^^l.j.Pj, ■ ■ -Pj,) = a.dA{gf^...j,)Pn ' ■ -Pk + df^^-jM^iPh ' ' 'Pk) 

= i-iofUr + 2 j:{9fi,M)Pn ■■■Pu+ gfluiy^Pn ■■■Pu] 

- gflu E E y''-'' Pn---h.---K---P3m_ 

m=l {ii,...,i^}c{ii,...jm} ^ '<l-^ ' 

-i^-JPn---Pn+^h<i^;y,P3Pn---Pu+ ^-.y^^'-'' ■ (7-13) 

^ V ' j = l ' . ' ^ . ' 

Substituting (7.13) to (7.12) and rearranging, we can see that 

h, fc+l V 

adr(5) = Ea<ii(5^'^) + E E ^...J>n--Pn 

^=0 ^=1 il,..,jrf=l 

with some g'^^^ 9k-u ^ du--,di — ^ — l,---,^ + 1- Thus the lemma 

follows. □ 

Lemma 7.6 Let g e 5(M^). Then there exists a constant Cg^m such that 

||ad:j(^)$||<C,,4||(-A)-/2$|| + ||<|.||), $e<S(M^), m>0. (7.14) 
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Proof: We prove the lemma by induction with respect to m. For m — 0, (7.14) follows. 
Assume that (7.14) holds for m = 0, 1, .., /c. Then by Lemma 7.5 we see that 

k k+1 V 

e=Q e=i 
with some constant C. By the assumption of the induction and (7.2) we have 

k-\-l 

iiad^+^(^)$ii < c'j:{\\i-^f'n + m) 

< C"(||(-A)(^+i)/2$|| + ||$||) 
with some constants C and C". Then the lemma follows. □ 

Lemma 7.7 We have ad\(pj) = (3ad''^^{idV/dxj) on S(m.''). 
Proof: We see that on 5(R''), 

= adf_^)(pj) 

j 

+/3 2^ ad(_A) • • • ady • • • ad(_A) (pj) 
^' 1 ■ 

+P 2^ ad(_A) • • • ady • • • ady • • • ad(_A)(Pj) 

jl <j2 ' ^ ' 

^ ^ jl h h 

+(3 2^ ad(_A) • • • ady • • • ady • • • ady • • • ad(_A)(Pj) 
jl <j2 <j3 " ' 



Since ad(_A)(Pj) = 0, we have 

^^AiPj) = P ad(_A) • ■ ■ ad(_A) ady (p^) 

^ V ' 

fc-i 



J 

E ad(_A) • • ■ ady ■ ■ • ad(_A)ady (pj) 



k-l 
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„ h h 

-\-(5 ad(_A) • • • ady ■ • • ady • ■ ■ ad(_A)ady (pj) 



ik-1 



+/3''ad^"^ady(pj) 
= /9ad^"^ady(pj) 
= l3sA^^^{idV/dxj). 

Thus the lemma follows. □ 
Lemma 7.8 Let k > 1. Then there exists a constant Cv,k such that 

||adlfe)$|| < \p\Cy^M-^t-'^"n + 11*11), * e 5(M^). 

Proof: By Lemmas 7.6 and 7.7 we have 

l|adl(p,)$|| = \m^^A\idV/dx,)n < |/?|C(||(-A)(^-^)/2$|| + ||$||) 

with some constant C. Then the lemma follows. □ 

Proof of Proposition 7.1 (2) 
Let ^ eS{My). We have 

||(-A)"$|| = ||((-A)" + /3Xi-/3Xi)$|| < + 
< ||A"$|| + |/3|C(||(-A)"$|| + ||$||) 

with some constant C. Hence it follows that 

ll(-Ar$ll < Y^T^dl^"^!! + ll^ll) 

for (3 with \(3\<l/C. Moreover 

||^'*$|| < a||i"$|| + $ e 5(M''), 

with some constants a and 6. Then 

||(-A)"$|| < C"(||i"$|| + ||$||), $e5(M'^), (715) 

follows with some constant C . Since »S(M'^) is a core of A", one can see that (7.15) can 
be extended to $ e D{A''). Then 
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with some constant C". By Lemma 7.8 and (7.16) it follows that 

||ad^(p,)$|| < |/3|C""(||i(*=-^)/2^|| + ||$||), $ e 5(R"), 
with some constant C". In particular 

||ad^(p,)$|| < \p\C{\\A^''+^^/H\\ + ||$||) $ e cS(M"), 

follows. Then the Proposition 7.1 (2) follows. □ 
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